Abstract. We introduce a new type of noncommutative Poisson structure on associative algebras. It induces Poisson structures on the moduli spaces classifying semisimple modules. Path algebras of doubled quivers and preprojective algebras have noncommutative Poisson structures given by the necklace Lie algebra.
The same definition can be used for a Poisson bracket on a noncommutative ring, but it seems that this is too restrictive, as by a theorem of Farkas and Letzter [5] the only Poisson brackets on a genuinely noncommutative prime ring are the commutator bracket [a, b] = ab − ba and multiples of it (in a suitable sense).
A notion of a noncommutative Poisson structure has been suggested by Xu [9] and Block and Getzler [1] . It has the property that if A has a noncommutative Poisson structure, then the centre Z(A) has a Poisson bracket, but otherwise the relationship with Poisson brackets is unclear.
In this paper we introduce a new type of noncommutative Poisson structure. It is the weakest structure we can find which (when A is a finitely generated K-algebra and K is an algebraically closed field of characteristic zero) induces Poisson brackets on the coordinate rings of the moduli spaces Mod(A, n) / / GL n (K) classifying ndimensional semisimple A-modules. With this notion, path algebras of doubled quivers, preprojective algebras and multiplicative preprojective algebras all have noncommutative Poisson structures.
For a much deeper approach, see the work of Van den Bergh [8] . I would like to thank M. Van den Bergh, who raised this problem, and G. Van de Weyer and Pu Zhang for some useful discussions.
Definition and Examples
Throughout, we work over a commutative base ring K and, where appropriate, maps are assumed to be K-linear. Let A be an associative K-algebra (with 1). Recall that the zeroth Hochschild homology of A is A/[A, A], where [A, A] is the subset of A spanned by the commutators. We write a for the image of Example 1.6. The necklace Lie algebra of [2] and [6] is a noncommutative Poisson structure. Let Q be a quiver with vertex set {1, 2, . . . , m}, and let Q be its double, obtained by adjoining a reverse arrow a * : w → v for each arrow a : v → w in Q. We extend * to an involution on the set of all arrows in Q by defining a * * = a. Define ǫ(a) for all arrows a ∈ Q by ǫ(a) = 1 if a ∈ Q, and ǫ(a) = −1 if a * ∈ Q. If p is a path in Q, we write ℓ(p) for its length. For 1 ≤ i ≤ ℓ(p), we write p = p <i p i p >i , where p i is an arrow and p <i and p >i are paths of lengths i − 1 and ℓ(p) − i respectively.
If p is a path, then the assignment
for q a path, defines a derivation d p : KQ → KQ. Here δ is the Kronecker delta function, so
The necklace Lie algebra on KQ/[KQ, KQ] is given by the bracket
This construction shows that it is a noncommutative Poisson structure. It is shown in [3] that the necklace Lie algebra structure on KQ/[KQ, KQ] descends to a Lie algebra structure on
To show that this is a noncommutative Poisson structure, it suffices to show that the derivation d p descends to a derivation of Π λ . Now
It follows that d p (J) ⊆ J, as required.
For more about these last two examples, and for multiplicative preprojective algebras, see [8] .
Representation Schemes
Let A be a K-algebra and suppose that e 1 , . . . , e m is a complete set of orthogonal idempotents in A, that is, e 2 i = e i , e i e j = 0 (i = j), e 1 + · · · + e m = 1. If α ∈ N m , then there is an affine scheme Rep(A, α) whose set of S-valued points, where S is a commutative K-algebra, is the set of A ⊗ K S-module structures on
such that the idempotents e v act as projection onto the vth summand. Equivalently, it is the set of K-algebra homomorphisms A → M n (S), where n = α 1 + · · · + α m , such that the image of e v is the matrix ∆ v , where
The coordinate ring K[Rep(A, α)] is generated by elements a ij with a ∈ A and 1 ≤ i, j ≤ n, where subject to the relations
for all a, b ∈ A, λ, µ ∈ K, 1 ≤ i, j ≤ n and 1 ≤ v ≤ m.
Remark 2.1. As a special case one gets the scheme Mod(A, n) of n-dimensional A-module structures, for any K-algebra A, by taking m = 1 and e 1 = 1.
Definition 2.2.
For a ∈ A, we define the element
Observe that tr α (ab) = tr α (ba), so tr α induces a map A/[A, A] → K[Rep(A, α)] which we also denote tr α . We define T(A, α) to be the subalgebra of K[Rep(A, α)] generated by the elements tr α a.
Remark 2.3. Suppose that K is an algebraically closed field and A is a finitely generated K-algebra. The group
embedded as diagonal blocks in GL n (K), acts naturally on Rep(A, α), and the closed points of the affine quotient scheme Rep(A, α) / / GL(α) classify isomorphism classes of semisimple A-modules M of dimension vector α (that is, with dim e v M = α v for all v). Now if K has characteristic zero, T(A, α) is the coordinate ring of this quotient scheme. Namely, the coordinate ring is the ring of invariants K[Rep(A, α)] GL(α) , where the action of GL(α) is given by
Clearly tr α a is an invariant, and in fact the elements tr α a generate the ring of invariants. For a path algebra KQ this holds by a theorem of Le Bruyn and Procesi [7] . In general, there is a surjective homomorphism from a path algebra θ : KQ → A, and hence a surjective homomorphism
with θ α (x ij ) = θ(x) ij . Since GL(α) is linearly reductive, it induces a surjection
is generated by the elements θ α (tr α x) = tr α θ(x), and so it is equal to T(A, α). Proof. We define d α on the elements a ij by the indicated formula, and it extends uniquely to a derivation on the polynomial ring K[a ij ]. This descends to a deriva- As well as showing skew symmetry, this shows that {f, g} is a derivation in f , and that it does not depend on the expression for f .
Clearly we have {tr α a, tr α b} = tr α a, b . Since π is a noncommutative Poisson structure, we have a, b, c + b, c, a + c, a, b = 0 for all a, b, c ∈ A. This implies that the Jacobi identity {f, {g, h}} + {g, {h, f }} + {h, {f, g}} = 0 holds for f = tr α a, g = tr α b and h = tr α c. Now an induction shows that it holds when f, g, h are products of elements of the form tr α x, and hence for all f, g, h ∈ T(A, α). Namely, if the Jacobi identity holds for f 1 , g, h, and for f 2 , g, h, then {f 1 f 2 , {g, h}} + {g, {h, f 1 f 2 }} + {h, {f 1 f 2 , g}} = f 1 {f 2 , {g, h}} + {f 1 , {g, h}}f 2 + f 1 {g, {h, f 2 }} + {g, f 1 }{h, f 2 } + {h, f 1 }{g, f 2 } + {g, {h, f 1 }}f 2 + f 1 {h, {f 2 , g}} + {h, f 1 }{f 2 , g} + {f 1 , g}{h, f 2 } + {h, {f 1 , g}}f 2 = 0.
In case 1 2 / ∈ K, a similar induction shows that {f, f } = 0 for all f ∈ T(A, α).
